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Abstract

Utilizing the known off-shell formulation of 2D, N = (2, 2) supergravity
containing a finite number of auxiliary fields, there is shown to exist a simple
form for a ‘chiral projection operator’ and an explicit expression for it is given.

PACS number: 04.65.+e

1. Introduction

Some years ago, the first discussion of a 2D, N = (2, 2) supergravity theory was given [1]
and elaborated upon in a subsequent work [2]. In both of these works, no discussion of the
auxiliary fields required to close the local supersymmetry algebra without resorting to a set
of equations of motion was undertaken. Finally, 13 years after the first such discussion, a
formulation of 2D, N = 4 supergravity theory that included a finite number of auxiliary fields
was presented [3]. The relation between these on-shell versus off-shell supergravity theories is
not as direct as one might imagine. The reason for this is the existence of a great plethora of 2D,
N = 4 scalar multiplets [4]. Previous experience has shown that when this situation exists, the
diverse scalar multiplets foreshadow distinct formulations of correspondingly diverse off-shell
supergravity theories.

The existence of a relatively simple off-shell formulation of a 2D, N = 4 supergravity
theory implies that there should exist a straightforward way to completely develop an efficient
local integration theory for the associated local Salam–Strathdee superspace. In this work, we
will take the first major step in this direction by providing the initial discussion of a local 2D,
N = 4 chiral projection operator.

2. A review of an off-shell 2D, N = (2, 2) superspace supergravity geometry

Let us begin by reviewing the results in [3]. This work showed that there exist component
fields

(
ea

m, ψa
αi, Aai

j , B,G,H
)

which describe an off-shell 2D, N = (2, 2) supergravity

1751-8113/09/442002+07$30.00 © 2009 IOP Publishing Ltd Printed in the UK 1

http://dx.doi.org/10.1088/1751-8113/42/44/442002
mailto:gatess@wam.umd.edu
http://stacks.iop.org/JPhysA/42/442002


J. Phys. A: Math. Theor. 42 (2009) 442002 Fast Track Communication

theory. These are the components that remain after imposing the following constraints on the
2D, N = 4 superspace supergravity covariant derivative, (with φαβ ≡ −i[CαβG + i(γ 3)αβH ])

[∇αi,∇βj } = 2B[CαβCijM − (γ 3)αβY ij ],

[∇αi,∇β
j } = 2

[
iδi

j (γ c)αβ∇c + δi
jφα

γ (γ 3)γβM − iφαβY i
j
]
,

[∇αi,∇b} = i 1
2φα

γ (γ b)γ
β∇βi + i 1

2 (γ 3γ b)α
βBCij∇β

j

− i(γ 3γ b)αβ�β
iM + i(γ b)αβ�β

jY i
j ,

[∇a,∇b} = − 1
2εab

[
(γ 3)α

β�αi∇βi + (γ 3)α
β�α

i∇β
i + RM + iF i

jYj
i
]
.

(1)

The consistency of the Bianchi identities constructed from the commutator algebra above
required the conditions,

∇α
iB = 0, ∇αiB = −2Cij (γ

3)αβ�βj ,

∇αiG = �αi, ∇αiH = i(γ 3)α
β�βi,

∇α
i�βj = iCij (γ 3γ a)α

β∇aB,

∇αi�
βj = 1

2δα
βδi

j [R − 2G2 − 2H 2 − 2BB] + i(γ 3)α
βF i

j

+ i 1
2δi

j (γ a)α
β(∇aG) − 1

2δi
j (γ 3γ a)α

β(∇aH).

(2)

The component gauge fields occur in the above supertensors in the following manner.

R| = εab{Rab(ω̂) +
[
i2(γ 3γa)αβψb

αi�
β

i + h.c.
]

+ 4φα
γ (γ 3)γβψa

αiψb
β

i − 2
[
CijBψa

αiψbα
j + h.c.

]},
�αi | = εab{ψab

βi(γ 3)β
α − iψa

βiφβ
γ (γ 3γb)γ

α + iCijBψa
β

j (γb)β
α},

Fi
j
∣∣ = εab{Fab(A)i

j − i2(γa)αβ

[
ψb

αj�
β

i + ψb
α

i�
βj − 1

2δ
j

i

(
ψb

αk�
β

k + ψb
α

k�
βk

)]
− 4φαβ

[
ψa

αjψb
β

i − 1
2δ

j

i ψa
αkψb

β
k

]
− 2(γ 3)αβ

[
B

(
Cikψa

αkψb
βk − 1

2δ
j

i Cklψa
αkψb

βl
)

+ B
(
Cjkψa

α
iψb

β
k − 1

2δ
j

i C
klψa

α
kψb

β
l

)]},

(3)

where εabRab(ω̂) is the usual two-dimensional curvature in terms of ea
m and ω̂m.

3. 2D, N = (2, 2) local superspace integration and chiral projector

In a rigid superspace (i.e. in a ‘flat supergravity background’), the derivation of component
results follows most efficiently [5] from replacing the integration of fermionic coordinates
by a process using first application of the superspace covariant derivative followed by taking
a limit in which all Grassmann coordinates are taken to zero. For the discussion of this
communication, this amounts to the validity of the following equation,

S =
∫

d2σ d4θ d4θL = lim
θ→0

∫
d4σ

1

2
[D4D4L + h.c.]

≡
∫

d2σ
1

2
[D4D4L + h.c.]| (4)

In the presence of a supergravity background the integration over the superspace measure
is modified by the insertion of the supergravity vielbein∫

d2σ d4θ d4θ →
∫

d2σ d4θ d4θE−1 (5)

2
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and this in turn implies a modification of (5) to the form [6]

S =
∫

d2σ
1

2
e−1[D(4)D(4)L + h.c.]| (6)

which is written in terms of two differential operators, D(4) and D(4)
. The first of these is

called the ‘density projection operator’ and the second is called ‘chiral projection operator’.
The appearance of these two distinct operators is characteristic of any superspace in which
chirality has a well defined meaning.

As outlined in [6], the density projection operator must be of the form

D(4) =
4∑

i=0

b(4−i) · [(∇) × · · · × (∇)4−i], (7)

in terms of some field-dependent coefficients b(4−i) and powers of the spinorial superspace
supergravity covariant derivative ∇αi . In the work of [5], a ‘handicraft’ method for finding
these coefficients was described. The works of [6] describe more powerful methods for
deriving this operator (which will be a topic of future efforts). In a similar manner, the chiral
projection operator must be of the form

D(4) =
4∑

i=0

a(4−i) · [(∇) × · · · × (∇)4−i], (8)

in terms of some field-dependent coefficients a(4−i) (that are distinct from the b(4−i)

coefficients) and powers of the spinorial superspace supergravity covariant derivative ∇ i
α .

Since the two sets of coefficients are distinct it follows that D(4) is not the conjugate of D(4).
Here we give our main result for the local 2D, N = (2, 2) superspace described by (1)

S =
∫

d2σ d4θ d4θE−1L

=
∫

d2σ d4θE−1 1

2
[∇(2)αβ − 2B(γ 3)αβ]∇(2)

αβL
∣∣ + h.c.

=
∫

d2σ e−1 1

2
D(4)

P [∇(2)αβ − 2B(γ 3)αβ]∇(2)
αβL

∣∣ + h.c. (9)

where on the first line E−1 is the density factor (i.e. the superdeterminant of the vielbein of
the full 2D, N = (2, 2) superspace) and on the second line of this equation E−1 is the chiral
density factor. The superdifferential operator

D(4) = [∇(2)αβ − 2B(γ 3)αβ]∇(2)
αβ (10)

is the 2D, N = (2, 2) chiral projection operator. The main new result we have to report is its
explicit form which satisfies

∇ i
γD(4) = ∇ i

γ [∇(2)αβ − 2B(γ 3)αβ]∇(2)
αβ  = 0 (11)

for any general scalar superfield .
Upon comparing (8) with (10), we note that the coefficients for the former can be read

from the latter and imply that

a(0) = 0, a(1) = 0, a(2) = −2B(γ 3)αβCij ,

a(3) = 0, a(4) = 1
2CijCkl[Cαγ Cβδ + CαδCβγ ].

(12)

So that explicitly we have

D(4) = 1
2CijCkl[Cαγ Cβδ + CαδCβγ ]∇ i

α∇j

β∇k
γ ∇ l

δ − 2B(γ 3)αβCij∇ i
α∇j

β . (13)

3
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Even without knowing the explicit form of the density projection operator, (9) implies∫
d2σ d4θ d4θE−1 = 0, (14)

i.e. the superspace described by (1) has a vanishing supervolume. The derivation of these
results is described in the appendix.

4. Conclusion

With this present work, we have completed half of the task of developing an efficient local
superspace integration theory for two-dimensional theories that possess eight supercharges.
The crux of this presentation was the unveiling of the explicit form of the chiral projection
operator given in (11).

‘Everone takes the limits of his own vision for the limits of the world’—Arthur
Schopenhauer.
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Appendix A. Definitions and conventions

For two-dimensional superspaces, we use the following conventions for the quantities
associated with spinors.

ηab = (1,−1), εabε
cd = −δ[a

cδb]
d , ε01 = +1,

(γ a)α
γ (γ b)γ

β = ηabδα
β − εab(γ 3)α

β.
(A.1)

The last one of these relations imply

γ aγa = 2I, γ 3γ a = −εabγb. (A.2)

Some useful Fierz identities are as follows:

CαβCγδ = δ[α
γ δβ]

δ,

(γ a)αβ(γa)
γ δ + (γ 3)αβ(γ 3)γ δ = −δ(α

γ δβ)
δ,

(γ a)(α
γ (γa)β)

δ + (γ 3)(α
γ (γ 3)β)

δ = δ(α
γ δβ)

δ,

(γ a)(α
γ (γa)β)

δ = −2(γ 3)αβ(γ 3)γ δ,

2(γ a)αβ(γa)
γ δ + (γ 3)(α

γ (γ 3)β)
δ = −δ(α

γ δβ)
δ,

(γa)α
δδβ

γ + (γ 3γa)α
γ (γ 3)β

δ = (γ 3γa)αβ(γ 3)γ δ.

(A.3)

In terms of an explicit representation, we can define the 2D γ -matrices in terms of the
usual Pauli matrices according to

(γ 0)α
β ≡ (σ 2)α

β, (γ 1)α
β ≡ −i(σ 1)α

β, γ 3 ≡ (σ 3)α
β. (A.4)

4
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As can be seen, these satisfy the second line in (A.1). The spinor metric Cαβ and its inverse
Cαβ can be identified as

Cαβ ≡ (σ 2)αβ, Cαβ ≡ −(σ 2)αβ. (A.5)

Using this explicit representation, it is easy to show the following symmetry properties

(γ a)αβ = (γ a)βα, (γ 3)αβ = (γ 3)βα, Cαβ = −Cβα,

(γ a)αβ = (γ a)βα, (γ 3)αβ = (γ 3)βα, Cαβ = −Cβα.
(A.6)

In a similar manner the following complex conjugation properties can be derived
[
(γ a)α

β
]∗ = −(γ a)α

β, [(γ 3)α
β]∗ = +(γ 3)α

β, (A.7)

[(γ a)αβ]∗ = (γ a)αβ, [(γ 3)αβ]∗ = −(γ 3)αβ, [Cαβ]∗ = −Cαβ,

[(γ a)αβ]∗ = (γ a)αβ, [(γ 3)αβ]∗ = −(γ 3)αβ, [Cαβ]∗ = −Cαβ.
(A.8)

Due to the first relation in (A.8) we see that this choice of gamma matrices is in a Majorana
representation and thus the simplest spinors such as ψα(x), may be chosen to be real, i.e.

[ψα(x)]∗ = ψα(x), (A.9)

and we can raise and lower spinor indices according to

ψα(x) = Cαβψβ(x), ψα(x) = ψβ(x)Cβα. (A.10)

It can be seen as a consequence that

[ψα(x)]∗ = −ψα(x). (A.11)

Of course, it is always possible to introduce complex spinors also.
The two generators that define the holonomy group of the 2D, N = (2, 2) superspace are

M and Yi
j , respectively for the 2D Lorentz group (SL(2,R)) and an internal SU(2) group.

These are defined to act as

[M,∇αi] = 1
2 (γ 3)α

β∇βi,
[
Y i

j ,∇αk

] = δk
j∇αi − 1

2δi
j∇αk. (A.12)

The rules for manipulating the SU(2) spinors are very much similar to the ones used for
the SL(2,R) spinor indices. The SU(2) metric Cij and its inverse Cij can be identified as

Cij ≡ (σ 2)ij , Cij ≡ −(σ 2)ij , (A.13)

so that

Cij = −Cji, Cij = −Cji, CijC
kl = δi

kδj
l − δi

lδj
k. (A.14)

We raise and lower SU(2) indices according to

ψi(x) = Cijψj (x), ψι(x) = ψj(x)Cji, (A.15)

that are directly the analogs for raising and lowering indices on SL(2,R) tensors.

Appendix B. Derivation of the chiral projector

In this appendix, we give a presentation that leads to the form of the chiral projector.
The expressions in (1) give the commutator algebra of the 4D, N = (2, 2) supergravity

derivative. However, in order to derive the chiral projection formula we need to go beyond
that algebra. For this purpose, we introduce new second-order differential operators denoted
by ∇(2)

αβ and ∇(2)
ij and defined by the equations

∇(2)
αβ = 1

2Cij [∇αi∇βj + ∇βi∇αj ],

∇(2)
ij = 1

2Cαβ[∇αi∇βj + ∇αj∇βi].
(B.1)

5
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Using these definitions implies

∇αi∇βj = 1
2 [∇αi,∇βj ] + 1

2 {∇αi,∇βj },
= 1

2Cij∇(2)
αβ + 1

2Cαβ∇(2)
ij + 1

2 {∇αi,∇βj },
= 1

2Cij∇(2)
αβ + 1

2Cαβ∇(2)
ij + B[CαβCijM − (γ 3)αβY ij ]. (B.2)

Next we use (1), (B.1) and (B.2) to derive[∇αi,∇(2)
βγ

] = − 1
4B

[
Cα(β(γ 3)γ )

δ − 3(γ 3)α(βδγ )
δ
]∇δi − B∇(βj

[
Cα|γ )δi

jM − (γ 3)α|γ )Y i
j
]
.

(B.3)

Using more manipulations there are found additional identities involving ∇(2)
αβ .

∇(α|i∇(2)

|βγ ) = 2B(γ 3)(αβ

[∇γ )i + ∇γ )jY i
j
]
, (B.4)

∇(2)
αβ ∇(2)βγ = 1

2δα
γ ∇(2)βδ∇(2)

βδ + 1
2CβδCγε

[∇(2)
αβ ,∇(2)

δε

]
, (B.5)

[∇(2)
αβ ,∇(2)

δε

] = 2B
[
(γ 3)αβ∇(2)

δε − (γ 3)δε∇(2)
αβ

]
+ 4B

2
[Cα(δ(γ

3)ε)β + Cβ(δ(γ
3)ε)α]M

−B[Cα(δ∇(2)
ε)β + Cβ(δ∇(2)

ε)α]M
+ 1

2B∇(2)
ij [Cα(δ(γ

3)ε)β + Cβ(δ(γ
3)ε)α]Y ij . (B.6)

With the identities of (B.4)–(B.6) in hand, the proof of (11) follows from the steps described
below.

(1) The first step is to multiply (B.4) from the right by ∇(2)βγ  which yields

∇αi∇(2)
βγ ∇(2)βγ  + 2∇γ i∇(2)

αβ ∇(2)βγ  − 2B(γ 3)βγ ∇αi∇(2)βγ 

− 4B(γ 3)αβ∇γ i∇(2)βγ  = 0. (B.7)

(2) In the second term of (B.7), we substitute the identity from (B.5) to find

2∇αi∇(2)
βγ ∇(2)βγ  + CβδCγε∇γ i

[∇(2)
αβ ,∇(2)

δε

]


− 2B(γ 3)βγ ∇αi∇(2)βγ  − 4B(γ 3)αβ∇γ i∇(2)βγ  = 0. (B.8)

(3) We next multiply the identity of (B.5) from the right by  to find[∇(2)
αβ ,∇(2)

δε

]
 = 2B

[
(γ 3)αβ∇(2)

δε − (γ 3)δε∇(2)
αβ

]
. (B.9)

(4) The substitution of the result on the left-hand side of (B.9) into the second term of (B.8)
yields

2∇αi∇(2)
βγ ∇(2)βγ  − 2B(γ 3)βγ ∇γ i∇(2)

αβ

− 2B(γ 3)βγ ∇αi∇(2)βγ  − 2B(γ 3)αβ∇γ i∇(2)βγ  = 0,

2∇αi∇(2)
βγ ∇(2)βγ  + 2B(γ 3)γ β∇γ i∇(2)

α
β

− 2B(γ 3)βγ ∇αi∇(2)βγ  − 2B(γ 3)αβ∇γ i∇(2)γβ = 0.

(B.10)

(5) The second and last terms on the final line in (B.10) added together equal to the
third term in the same equation. Thus, we obtain the final result

2∇αi∇(2)
βγ ∇(2)βγ  − 4B(γ 3)βγ ∇αi∇(2)βγ  = 0

2∇αi

(∇(2)
βγ ∇(2)βγ − 2B(γ 3)βγ ∇(2)βγ

)
 = 0

∇αi(∇(2)βγ − 2B(γ 3)βγ )∇(2)
βγ  = 0.

(B.11)

Upon taking the complex conjugate of this final equation in (B.11) the result of (11)
follows.
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